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Abstract. We use groups with triality to construct a series of nonassociative 
Moufang loops. Certain members of this series contain an abelian normal subloop 
with the corresponding quotient being a cyclic group. In particular, we give a 
new series of examples of finite abelian-by-cyclic Moufang loops. The previously 
known [lOj loops of this type of odd order 3q^, with prime q = 1 (mod 3), are 
particular cases of our series. Some of the examples are shown to be embeddable 
into a Cayley algebra. 
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Universal constructions for new Moufang loops are few. An example is Chein's 
doubling process ^ which allows one, given an arbitrary nonabelian group G, to 
obtain a nonassociative Moufang loop of cardinality 2\G\. Since the discovery of 
the relation between groups with triality and Moufang loops, which has been used 
successfully by various authors [HI El E] to solve important problems in the theory 
Moufang loops, there appeared new ways of constructing Moufang loops using groups 
with triality. 

In the present paper, we build a new series of groups with triality and then derive 
an explicit multiplication formula for the corresponding Moufang loops. In particular, 
we obtain a series of abelian-by-cyclic Moufang loops (i.e. an upward extension of 
an abelian group by a cyclic group). To be more precise, let R be an arbitrary 
associative commutative unital ring and let Rq be a cyclic group of invertible elements 
of R. We show that the set of tuples (r, x, y, z), where r E Rq, x,y,r E R, with the 
multiplication 



is an abelian-by-cyclic nonassociative Moufang loop of the form Ro.{R -\- R + R) 
provided that either Rq has order 3 or has characteristic 2. 

The minimal finite loops of this type clearly arise if Rq has prime order p and R 
is a minimal finite field with an element of multiplicative order p. For example, this 
gives abelian-by-cyclic proper Moufang loops of orders 3.2^, 7.2^, 3.5^, 3.7^, etc. 

The abelian-by-cyclic Moufang loops are of interest in light of the following problem 
proposed by M. Kinyon and based on [3] : 

Supported by FAPESP, Brazil (proc. 2010/51793-2); by the Russian Foundation for Basic Re- 
search (projects 10-01-90007, 11-01-00456); by the Council of the President grants (project NSc— 
3669.2010.1); by the Program "Development of the Scientific Potential of Higher School" (project 
2.1.1.10726); by the Russian Federal Program "Scientific and pedagogic people of the innovative 
Russia" (contract 14.740.11.0346). 



MSC2000: 08A05, 20E34, 20N05 



1. Introduction 





2 



ALEXANDER N. GRISHKOV AND ANDREI V. ZAVARNITSINE 



Problem 1. Let M be a Moufang loop with a normal abelian subgroup (i. e. asso- 
ciative subloop) N of odd order such that M/N is a cyclic group of order bigger than 
3. 

(i) Is M a group? 

(ii) If the orders of N and M/N are coprime, is M a group? 

Although the finite loops of the form ([T]) are not counterexamples to this problem, 
there are reasons to believe that they are essentially the only types of abelian-by-cyclic 
Moufang loops such that the orders of and M/N are coprime. 

Examples of abelian-by-cyclic Moufang loops of odd order ?>q^ with prime 9 = 1 
(mod 3) have also appeared in fTO], where the problem of the existence of nonasso- 
ciative Moufang loops of orders pq'^ , with p,q prime, was considered. Due to the 
uniqueness result of [lOj, these examples must be particular cases of our series ([1]). 
However, we have not attempted to find an explicit isomorphism. 

The loops ([I]) are constructed as particular cases of a wider class of Moufang loops 
Ma,b, a,b ^ not all of which are abelian-by-cyclic but all have the general structure 
Ro.{R + R).R for a given subgroup Rq ^ i?^, see Lemma [TOl We show that some 
members of this series can be embedded in the Cayley algebra 0{R). In the last 
section, we raise the isomorphy problem for the loops Ma^b and prove one relevant 
result. 

2. Preliminaries 

A loop M is called a Moufang loop if xy ■ zx = {x ■ yz)x for all x,y,z G M. For 
basic properties of Moufang loops, see p]. 

A group G possessing automorphisms p and a that satisfy = = (pcr)^ = 1 is 
called a group with triality (p, a) if 

{x-^x''){x-^x''Y{x-^x'')p' = 1 

for every x in G. In a group G with triality S = (p, a), the set M(G') = {x~^x'^ \ x G 
G} is a Moufang loop with respect to the multiplication 

_ _ 2 

(2) m.n = m ^nm ^ 

for all n,m E M(G). Conversely, every Moufang loops arises so from a suitable group 
with triality. For more information on the relation between groups with triality and 
Moufang loops, see [7]. 

Every group with triality G possesses a (necessarily unique) maximal normal sub- 
group contained in Cg{S) which we will denote by Zs{G). For every Moufang loop 
M there exists a unique group with triality £(M) that satisfies both Zs{E,{M)) = 1 
and [e(M),5] = £(M). 

A homomorphism (f : Gi G2 of groups Gi and G2 with triality S is called an 
S -homomorphism if aif = fa for all a E S. The following result is a consequence of 
d p. 383-384]. 

Lemma 1. Moufang loops Mi and M2 are isomorphic if and only if £(Mi) and 
£(M2) are S -isomorphic. 

3. Triality representations 
Lemma 2. Let M be a Moufang loop. Then, for every x,y,m E M , we have 

m~^{mx.y) = xm~^.my = {x.ym~^).m 
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Proof. This follows from the left and right Moufang identities. □ 

Lemma 3. Let G be a group with triality S = (a, p) . Then, for every m E M — M(G) , 
G is a group with triality S(^^^ = {a.p^mp^) which we denote by G^^^y The Moufang 
loop M(^) = M((j'(m,)) has multiplication 

(3) X *(^) y = (x.m"^).(m.y) 

for all x,y E M(^rn)- In particular, M(^rn) is isotopic to M and, conversely, every 
loop-isotope of M has the form M(^rn) for some m E M . 

Proof. By the triality identity we have 

[p mp ) = p mpmpmp = pm^ m^mp = p =1, 
[ap mp ) = pm pp mp = 1. 

Hence, S'(^) is an 5'3-complement for G in S'G. Note that M(^) coincides with M — 
[G, a] as a set. For every n G M(^), we have 

_2 2 _-, _2 2 2_ 

nm P n^m^ [mn^m = nm ^ n^ym^ m^jn^ m ^ — 

nm~P {nPm~^nP )m~P = nm~P {n~^ .m~^)m~P = 

n{{n~^ .m~^) .m) = nn~^ = 1 

Hence, is indeed a group with triality S(^rn)- The multiplication formula in 

M(^) is then given by 

X *(^) y =x-P^'^p\xP'^~^P = {m-^x-P^ m)P\{mx-Pm-^)P = 

2 2 2 2 2 

m~P x~P{mP ymP)x~P m~P = m~P (x~P{y.m~^)x~P )m~P — 

m~P {x.{y.m~^))m~P = (x.{y.m~^)).m = {x.m~^).{m.y) 

where the last equality holds by Lemma [21 

By [1, Lemma Vn.5.8] every loop-isotope of a Moufang loop is isomorphic to a 
principal isotope with multiplication of the form ([3]). □ 

Let i? be a commutative ring and S = {a, p). A right i^^S-module V is called 
a triality module {for S) if 1/ is a group with triality 5". This holds if and only if 
(cT — 1)(1 + p + p^) annihilates V. The classification of the indecomposable triality 
i?iS'-modules over fields is given in [HI Lemma 5]. 

Let G be a group with triality S. A right R[S X G]-module V is called a triality 
module {for G) if the natural semidirect product G AV is a, group with triality S. 

Lemma 4. An R[S A G]-module V is a triality module for G if and only if the 
restriction V \s(^^) is a triality module for S^rn) for every m G M(G'). 

Proof. If y is a triality module for G then V [5^^^ is a triality module for S(^rn) by 
Lemma El since M(G) ^ M(G' A V). Let us prove the converse. 
Let g E G and v E V. Set x = gv E G AV . We have 

r "1 — 1 T — m + cr 

: mv , 
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where m = [g, a]. Since mm^m^ = 1, we obtain 



TflTn^Tn^^ V~^^''^'' +''""^''"^'' —'mpm'' +apm'' —mp^+ap^ _ 

1 I —1 —1 I 2 2 2,2 / \/ —1 ,2 2 I 2\ 

^ — —pm +ap mp —mp +ap _ ^(a—p){m +p mp +p ) _ 

^p^(cr-l)(p^m"^p^+pmp+l)p _ q 

where the last equahty holds because the operator (cr — l)(p^m~^p^ + pmp + 1) 
annihilates V by the assumption. The claim follows. □ 

4. TRIALITY modules and TENSOR PRODUCT 

Let if be a group with triality S. Denote H = S A H. Let Vi,V2tU be triality 
i?if-modules. Suppose that : Vi (g) V2 — >^ C/ is an i?if-module homomorphism. For 
brevity, we will write vi^V2 — ¥'(^1^^2)5 where vi G Vi, V2 G V2. Then, in particular, 
we have 

(4) v^Mv^ = {vimv2)'' 

for all h E H. We endow the Cartesian product W = Vi x V2 x U with the operation 

(5) {vi,V2:U){v[,v'2:U') = {vi +v[,V2 +V2,U + u' + Vl M v'2) 

which turns W into a nilpotent group of class (at most) 2 with a central subgroup 
(isomorphic to) U. Moreover, setting {vi,V2,u)'^ = (f f 2 , w'^) for every h E H 
and (fi,f2,w) € W (with the -Rif-module action of h on the components) correctly 
defines an action of H on W due to ([1]). The resulting group G = H A W has a 
natural iS-action, and the normal series 

1 i^W i^G 

is S'-invariant with the corresponding factors being groups with triality 5". In general, 
the triality on the factors of a normal series of a group does not imply the triality on 
the whole group. We obtain the following criterion: 

Lemma 5. The group G constructed above is a group with triality S if and only if 
for all me M{H), h e M{Vi), h G M{V2). 

Proof. Elements of G will be written as {h,vi,V2,u), where h E H, {vi,V2,u) G W. 
Then the multiplication and inversion in G are given explicitly by 

{h,vi,V2,u){h',v[,V2,u') = {hh',v\' +v[,v^' ^v'^^u^' + u' + v\' ^v'^), 

(6) 

{h,vi,V2,u)-^ = {h-^ , -v'l'\ -vf\ -u'^~' +v'l~^ mv!^~'). 

We now check the triality for G. Let g = (/i, f 1, V2, u) G G. Then setting m = h~^h^ 
we have 

(7) g-^g'' = (m, v^'^+'' , v^'^^^ + v^" M v^'"). 
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Using the fact that if is a group with triahty and that Vi, V2, U are triahty RH- 
modules we have 

= (m, t^a""^", w""^" + ^ 

X (m^ t;2-'"^+"^ ^--p+-p + ^-p ^ t;^^"-^^) 

X (m^', t;2""'''^"''', + ^^r' ^ 

— ('rnrnP , -mm''+crm''-mp+crp -mm''+crm''-mp+(Tp mm^+sm''-mp+o-p 

2 

[by mm^m^ = 1] 

1 1 22 2 2 1 1 22 2 2 

a—l-\-am —pm -j-np mp —mp +crp —l-\-am —pm -j-crp mp —mp +crp 
^-1+am-^-pm-^+ap'^mp'^-mp'^+ap'^ + IE "^2"'^"^"^ + ^^f"""^ Kl yP"^"^ -'^P^'^P'^ 

[by ^-i+<7m-i-pm-i+ap2mp2_^p2+ap2 = Q for = vi,V2,u (as in proof of Lemma i])] 

= (1, 0, 0, m + ^p"' ^ ^pm-l-ap^mp^ 

= (1, 0, 0, Vi K t;2""'''^"''' + ^pm~'-<ym-' ^ ^pva-^-ap^vap' ^ ^-ap^ ^ ^-^ap^+^p^^ 
= (1, 0, 0, (1-'^)^ K ^pm"V'(l--)p'm-i ^ ^p2(l-a)p2m-i ^ ^pm^ V' (1 --)P) _ 

The elements li = ""^ '^^ and /2 = ""^ run through M(Vi) and M(y2) 

as and V2 run through Vi and V2, respectively. Hence, G is a group with triality if 
and only if the element 

-IP m + if"^'' mi!^ = {-I + r)p^p' 

2 — 12 12\2 

is zero, where I = ^ Kl ^2 ^ • The claim follows. 

□ 

5. The group with triality 

Let -R be a commutative unital ring and let Rq be a subgroup of R^ . We set 
T = Rq X Rq and let 5" = (cr, p) act on T according to 

e. g., (ri, r2)'^ = (r^"'^r2, r2), G -Rq- Then T is a group with triality 5" with M(T) = 
{(r, 1) I r G i?o} = ^0- Denote f = S AT. 
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We define an i?T-module F as a free i?-module of rank 3 with basis e = {ei, 62, 63} 
in which the corresponding i?-representation \1/ for T is given by 



ri 

* : (ri, r2) I . r^^r2 



^2 





r 1 ■ ^ 























(8) 



Swapping r ^ r ^ for r E Rq gives the matrices of the contragredient representation 
in the dual basis e* = {6^,62,63} of the corresponding module V* . 

Lemma 6. The RT -modules V and V* are triality modules for T . 

Proof. By duality, we may consider V only. A direct verification shows that \E'((cr — 
1)(1 + r + r^)) is the zero matrix, where r has the form 



(9) pVp2 



for m = (r, 1) G M(T), r G Rq. The claim now follows by Lemma IH □ 

The contragredient module V* can be realized as a direct summand of the sym- 
metric square 5"^^ due to the following 

Lemma 7. The 2-homogeneous component of R[xi, X3] splits under the action of 
T given by t : Xi ' i ^ T into the direct sum 



(10) (a;2a;3, xia;3, xiX2)r © {x^, x^, x^)r. 

The first summand is isomorphic to V* as an RT-module under the map 7 : XiXj t— )■ 
whenever {i,j,k} = {1,2,3}. The second summand is isomorphic to V* under 
5 : x1 ^ e* for i = 1, 2, 3 provided that Rq has exponent 3. 

Proof. For every t E T, the matrix ^'(t) is monomial, hence has the form T^ek^k^ 
for suitable r^ E R and r G Sym3, where Cij are the matrix units. Therefore, t acts 
by t : Xi ^ riXiT , which implies the decomposition fllOp . It also implies that 



. 7 —1 * 

t '. XiXj I y r^rjXi-r jT h-> r^ g^t 



whenever {z, j, k} = {1, 2, 3}, because for all matrices in (I8j) we have rir2r^ = 1; and 

t . Xj I— AiXjr I— ' j CjT, 

if = 1. However, = '^^f'^^ek^k-^- Hence, 7 extends to an isomorphism onto 

V* and so does 6 whenever Rq has exponent 3. □ 

Let a, 6 G -R be fixed elements at least one of which is invertible. We henceforth 
assume that one of the following conditions is fulfilled: 

(I) Rl = 1, 
(II) 6 = 0. 
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Then by Lemma [6] the submodule of S'^V spanned by axf + bxjXk, where {z, j, k} = 
{1,2,3} is isomorphic to V*. The invertibihty of either of a, 6 ensures that this 
submodule is complemented in S'^V. Hence, there is an i2T-module homomorphism 
'Pa,b V ® V ^ V* which is written in the bases e and e* as 

(VI,V2:V3) M (WI,W2:W3) = (a(v2W3 + V3W2) + bVlWl, 

(11) ^ 

a{viW3 + V3W1) + bv2W2: a{viW2 + V2W1) + bvsWs), 

where Kl = ^a,b = fa,b ° ®- By the discussion in Section 31 we may construct the 
group G = T AW, where W = V xV xV* has the operation (fTTI) . We will henceforth 
denote G = f AW ^ S AG. 

Lemma 8. We have 

{i) G is a group with triality S, 
{ii) Zs{G) = 1 and [G,S] =G. 

Proof, (i) Let /i, I2 be arbitrary elements of M(y). Then there exist si, S2 G -R such 
that li = (si, —Si, 0). Let m G M(T). Then m = (r, 1) for some r E Rq and p^mp^ is 
as in dS)). By ( TTT]) . we have 

/f K Z^"'"'''')' = (0, si, -Sir) K (-S2, 0, rs2) = siS2(ar, ar, -a - fer^), 

which lies in Cy*(a"). The claim follows by Lemma O 

{ii) Clearly, every proper nontrivial normal ^'-invariant subgroup of G must include 
V* and be included in W . Since 5" induces a nontrivial action on both V* and G/W , 
the claim follows. 

□ 

6. The Moufang loop 

Lemma [S] implies the existence of a Moufang loop M(G) which depends on the 
parameters R, Rq, a, b. Assuming that R and Rq are fixed, we will denote this loop 
by Ma 5 and determine its structure. 

Lemma 9. The Moufang loop Ma,h consists of the elements of G of the form 

(12) ((r, 1), x(l, -r-\ 0), y(l, -r-\ 0), z{~r-\ 1, 0) + xy{b, 0, -ar"!)) . 
for r G Rq, x,y, z E R. 

Proof. Let g = {t,vi,V2,u) G G. Then g~^g" is given by d?]), where m = = 
(1, r) G M(T), Vi = {vii,Vi2, Vi3), i = 1,2, u= {ui, U2, U3). Due to 

— r 1 
\l/(-m + cr) = I 1 -r~^ 



we have 



f i\E'(— m + cr) = x(l, — r ""^,0), where a; = — rwn + fi2, 
t)2\E'(-m + cr) = 2/(1, -r~\ 1, 0), where y = -rv2i + V22, 
Vi^*{—m + a) = w{—r~^, 1, 0), where w = Ui — ru2. 



v^Mv^ = {rvii,r ^Vi2, V13) M {—y,r ^y,0) = {zi, Z2, —ar ^xy), where 
zi = y{ar~^vi3 - brvn), Z2 = y{-avi3 + br~'^vi2). 
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Since we assume (I) or (II), we have br^ = b and so 

zi + r~^Z2 = y{—brvii + br~^vi2) = bxy. 
Hence, setting z = if + Z2, we have the required form of g~^g'^ . □ 

By Lemma [H sending an element (1121) to the tuple 

{r,x,y,z) r e Ro: x,y,ze R 

gives a bijection from Ma^b- We will therefore assume that Ma^b consists of all such 
tuples. 

Lemma 10. The multiplication and inversion in the Moufang loop Ma^b o'^e given by 

(ri,Xi,yi, Zi){r2,X2,y2,Z2) = 

(rir2, xi + riX2, yi + riy2, ^2^1 + 22 + a{xiy2 - X2yi) + br^^r2Xiy2), 
(r, x,y, z)~^ = {r~^, —r~^x, —r~^y, —r~^z + bxy). 

Proof. We first derive the inversion formula using ([6]). Denoting m = (r, 1) we have 

(r, x, y, z)~^ ^ (m, x(l, -r"\ 0), y(l, -r"\ 0), ^(-r"^ 1, 0) + xy{b, 0, -ar"^)) ^ 
- {m-\ -x(l, -r-\ 0)"^", -y(l, -r-\ 0)"^"\ -^(-r-\ 1, 0)"^"' 

- xy{b, 0, -ar-i)"^"' + x(l, -r'^ 0)"^"' K 2/(1, -r-\ 0)"""') 

= {m~^, —x{r~^, —1, 0), —y{r~^, —1, 0), — 2(— 1, r~^, 0) — xy{br, 0, — ar""*^) 
+ xy{br~^, b, -2ar"^)) = ((r"\ 1), -r"^a;(l, -r, 0), -r"^?/(l, -r, 0), 

— r~'^z{—r, 1, 0) + bxy{—r, 1, 0) + (— r~"'^x)(— r~"'^y)(6, 0, — ar)) 
^ (r""*^, — r~"'^x, —r~^y, —r~^z + 6a;y). 

Similarly, with = (r^, 1), i = 1, 2, we have 

(ri, xi, yi, 2i)(r2, X2, 2/2, 2^2) ^ (toi, xi{l, -rf \ 0), yi(l, -rj"\ 0), 2i(-rf \ 1, 0) 
+ xiyi(6, 0, -arf ^)) ^(m2, ^2(1, -r2"\ 0), 2/2(1, -r2"\ 0), 22(-r2"\ 1, 0) 
+ X2y2{b, 0, -ar2"^)) (mi, Xi(l, -rf \ 0), 2/i(l, -rf \ 0), Zi(-rf \ 1, 0) 

+ xi2/i(6, 0, -arfi))""' = (m'^ xi(-rr\ 1, O)'', yi{-r^\ 1, 0)^ ^i(l, -r^\ 0)^ 
+ xi2/i(0, 6, -ar^^)P) (m2, X2(l, -r2-\ 0), 2/2(1, -r2-\ 0), 22(-r2"\ 1, 0) 
+ X22/2(0, 6, -ar2)) (m"^', Xi(l, -ri, O)''', 2/i(l, -ri, O)''', Zi(-ri, 1, O)''' 
+ xi2/i(0, 6, -arfi)^') = ((r2, rf^), xi(0, -rr\ l)'-^ + X2(l, -r:^\ 0), 
2/1(0, -rfi, 1)-^ + y2(l, -r2-\ 0), Zi(0, 1, -rfi)-^ + Z2(-r2-\ 1, 0) 
+ xi2/i(-ar-\ 0, 6)"^^ + X2y2(^ 0, -ar-^) + Xiy2(0, -r-\ 1)^^ K (1, -r2-\ 0)) 
X ((n, ri), xi(l, 0, -rf^), 2/1(1, 0, -rf^), 2i(-rf \ 0, 1) + Xi2/i(6, -arf \ 0)) 
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„2 



= ((rir2, 1), (x2, -r^ V2 ^Xi - ^X2, Xi)"^! + Xi(l, 0, -r^ 

_ 2 _ 2 

(2/2, -rrV2"^|/i - r^^y2, 2/1)""^ " + 2/1(1, 0, -r^^), (-r^^2:2, ^22^1 + ^2, -r^^^i)""! " 

_ 2 

+ 2;i(-rf \ 0, 1) + {-ar~^r~^xiyi + 6x22/2, 0, 6x12/1 - ar 2"^X2y2)"'i " 

_p2 

+ xi2/i(6, -arf^, 0) + xi2/2(-ar^^, a + 6rf ^r2, -arf V2"^)"'i 

_ 2 

+ (x2,-ri-V2"^Xi -r2"^X2,Xi)"^i' K 2/1(1, 
= ((rir2, 1), (xi + riX2)(l, -rj"V2"\ 0), (2/1 + ri2/2)(l, -rf V2"\ 0), 
(r22i + 2;2)(-?'^^^^^ I'O) + (-arf^r2"^xi2/i + 6rj"^X22/2, 0, 6riXi2/i - arir2"^X22/2) 
+ xi2/i(6, -arf ^, 0) + xi2/2(-arj"^r2"^, a + 6rf V2, -ar2"^) 
+ (a(rf ^r2"^xi2/i + rf V2"^X22/i) + 6riX22/i, a(-X22/i + rf ^Xi2/i), 
a(-rf V2"^xi2/i - r2"^X22/i) - 6rf ^Xi2/i)) = ((rir2, 1), (xi + riX2)(l, -r^^r^^, 0), 
(2/1 + riy2){l, -rj"V2"\ 0), (r22i + 22 + a(xi2/2 - X22/1) + ^rf V2Xi2/2)(-ri"V2"\ 1, 0) 
+ (xi + riX2)(2/i + ri2/2)(6, 0, -ar^'^r^^)) ^ (rir2, Xi + riX2, 2/1 + ?'i2/2, 
^2^1 + ^2 + a(xi2/2 - X2yi) + 6rj"V2Xi2/2)- 

□ 

By Lemma [TOl the loop Ma^b has the form Rq.N , where = [R -\- R) .R is a. 
normal subgroup. It can be checked that the subgroup is commutative if and only 
if 2a + 6 = 0. The associator of (r^, x^, 2/i, Zi) G Ma^b, ^ = 1,2, 3, is trivial if and only 
if 

ri — 1 r2 — 1 ^3 — 1 
Xi X2 X3 = 0. 
2/1 2/2 2/3 

In particular, Ma,b is nonassociative, if a 7^ 0, |i?o| > 1, and i? is a domain, in which 
case Nuc(Ma,b) consists of the elements (1, 0, 0, z), z G R. 

We observe that, for every c G -R^, the loops Ma^b and Mca,cb are isomorphic, 
which can be shown by changing the "coordinates" (r, x, 2/, 2;) (r, x, 2/, c^) in Ma^b- 
Hence, we may only consider the loops Mi^b and Ma,i- In particular, we obtain 
abelian-by-cyclic Moufang loops, Mi^_2, with the multiplication ([T]) which split into 
two types: 

(I) if the characteristic of R is not 2 then Mi^_2 has the form 3.{R + R + R), i.e. 

Rq is cyclic of order 3, 
(II) if the characteristic of i? is 2 then Mi _2 = Mi has the form Rq.N, where 
Rq is an arbitrary cyclic subgroup of i?^ and N = R + R + R is an elementary 
abelian 2-group. 

7. Embedding in the Cayley algebra 

We show that a particular case of the above-constructed series of Moufang loops, 
namely Mi 0, can be embedded in a Cayley algebra. Recall that the Cayley algebra 
O = 0{R) can be defined as set of all Zorn matrices 



a V 
w b 



a,be R, V, w G -R" 
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with the natural structure of a free i?-module and multiphcation given by the rule 



/ ai 




( ^2 


V2 \ 






V W2 


b2 J 



(13) 

aia2 + vi • W2 aiV2+62Vi V -wi x W2 

a2Wi + 61W2 wi ■ V2 + 6162 J \ ^1 >^ ^2 

where, for v = (fi, f 2, 't'3) and w = {wi,W2,ws) in R^, we denoted 

V ■ W = ViWi + V2W2 + VsWs G i?, 
V X W = {v2Ws — V2,W2j V2,Wi — f itt^a, V1W2 — V2W1) G . 

It is well-known that O is an alternative algebra and the set of its invertible elements 
forms a Moufang loop. 
Consider the subset of of elements of the form 

r (0,a;,|/) 
(^,0,0) 1 

which we identify with the tuples (r, x, y, z), where r E Rq ^ R^ , x,y,z G R. Using 
( IT3II it can be checked that this subset is a subloop with the multiplication 

(ri,Xi,2/i,2;i)(r2,X2,y2,22) = 

(rir2,xi + riX2,yi + riy2,r2Zi + Z2 + Xiy2 - X2yi), 



hence is isomorphic to Mi^. 

8. The isomorphy problem 

Clearly, the loops Ma,b and Ma'^b' are isomorphic if {a',b') = (a, fc)*^ for some 
<f> G Aut(i?). However, determining all isomorphisms among the loops Ma^b seems to 
be a challenging problem. In particular, we state 

Problem 2. Can the loops Mi^h and Mi^h' be isomorphic for non-Aut{R) -conjugate 
elements b,b' E R? 

We only prove the following particular result. 

Proposition 11. Let R be a field and let ^ b E R. Then Mi^q is not isomorphic 
to Mi,b. 

Proof. By lemma [8](ii) , the above-constructed group with triality G = Ga,b coincides 
with t{Ma^b)- By Lemma [H it suffices to show that Gi^ is not isomorphic to Gi^b- 
Observe that, since Rq = 1 and i? is a field, we have |i?o| = 3. By the construction 
of G, we have W = [G,G], V* = Z(Vr), and W/V* = F © V is the direct sum 
of three i2T-homogeneous 2-dimensional components Qi, i = 1,2,3, spanned by the 
pairs (ei,0) and (0,6^), where Ci is the zth basis vector for V. By (l6j) and ffTTll . the 
full preimage Qi of Qi in W can be identified with a group with the multiplication 

(ri, r2, u){r[, r'2, u') = (ri + r[,r2 + r'2,u + u' + briri^e*), 

where r^ , r'j G R and m, u' E V*. Hence, the groups Qi, z = 1, 2, 3, are abelian if and 
only if 6 = 0. Due to the invariant way these groups were constructed, we conclude 
that Gi^o and Gi,;, are not isomorphic. □ 
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